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Nomenclature
E int(v , r) = internal energy of the reduced mass
Ekin(v) = kinetic part of the internal energy
Epot(r) = potential part of the internal energy
E tr(V ) = translationalenergy of the center of mass
E(V , v , r) = total energy, E tr(V ) + E int(v , r)
{êl } = set of linearly independent basis
f (1) (R, V, t) = local equilibrium distribution function

for the center of mass:

nM (R, t)[M b (R, t ) /2 p ]
3
2

£ exp{ ¡ [M b (R, t ) / 2][V ¡ uM (R, t )]2}

f (1) (R, v, t ) = local equilibrium distribution function
for the reduced mass:

n l (R, t )[l b (R, t ) /2 p ]
3
2

£ exp{ ¡ [l b (R, t ) /2][v ¡ u l (R, t )]2}

g( j rj ) = radial or pair distribution function, exp[b W (r)]
J(t ) = heat � ux
kB = Boltzmann constant
M = total mass of the diatomic molecule
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nM (R, t) = number density of the total mass
n l (R, t ) = number density of the reduced mass
n̂ = unit vector
q = real number
R = position vector of the center of mass
r = position vector of the relative distance

between two point particles
rm = distance between point particles at which their

potential energy is minimum
T = temperature
t = time
uM (R, t ) = center-of-mass average velocity vector, h V i
u l (R, t) = reduced-mass average velocity vector, h vi
V = velocity of the center of mass
v = velocity of the relative position vector

between two point particles
W (r) = potential energy of the average force

a particle experiences
b = 1/ kB T
b ¤

dia = Eucken number for diatomic gases:

[ b ¤
tr ¡

(5 ¡ 3 c )

3( c ¡ 1)
b ¤

int]
b ¤

int = Eucken number caused by internal states:

3[1 ¡
l ( d v)2

3kB T
+

2 h E intW (r) i
3h E int i kB T ]

b ¤
tr = Eucken number caused by translationalmotion,

3[1 ¡ M( d V )2 /3kB T ]
C = arbitrary volume over which the relative

coordinate is integrated
c = ratio of heat capacities
D = variable’s nonequilibriuminstantaneous

departure from its equilibrium value
D a = total area:

*
open surface

da

d = � uctuation in a variable
@t = derivativewith respect to time, @/ @t
² = perturbation
h = time as an integration variable
k = thermal conductivityof diatomic gases,

b ¤
dia h E tr i u /2T D a

k int = thermal conductivity caused by internal motion,
b ¤

int h E int i u /2T D a
k tr = thermal conductivity caused by translational

motion, b ¤
tr h E tr i u /2T D a

l = reduced mass of the diatomic molecule
r = physical constant, b ¤

dia h E tr i / 3D a
s = relaxation time
h i = nonequilibriumensemble average
h i e = equilibrium ensemble average

Introduction

P REVIOUSLY a derivation of the Cattaneo’s heat-� ux law,
which is a non-Fourierheat-� ux law, was given for monoatomic

gases.1 The derivationof Cattaneo’s heat-� ux equation for diatomic
gases will emphasize the validity of the method used before for
monoatomic gases, which is an important thing to do before the
method is applied to the far-from-equlibriumcase, and will demon-
strate thephenomenonof � nite speedheatpropagationfor a different
kind of gas, namely the diatomic gas. Therefore, the derivation of
Cattaneo’s heat-� ux equation for diatomic gases is presented here.
Under special conditions, which include being at the critical tem-
perature, the method used before proved very successful here in
the case of diatomic gases. However, the distribution function that
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corresponds to the diatomic gas is taken as a product between the
distributionfunction of the total mass of the diatomic molecule, the
distributionfunction of the reduced mass of the diatomic molecule,
and a function that represents the radial distribution function.2 Pair
distribution functions in the form of a product between two distri-
bution functions representingeach particle and a radial distribution
function have been extensively used before3 and were mainly used
to study correlations.4 When the radial distribution function equals
unity for all values of the radial distancesbetween the two particles,
one gets the Vlasov equation, which resembles the collisionless
Boltzmann equation.5 Sometimes the correct form of the pair dis-
tribution function is reached a posteriori, depending on the � nal
numerical results.3 Writing the pair distribution function in a prod-
uct form has been applied in this Note because of the nature of
diatomic molecules. Moreover, when a diatomic gas at the critical
temperature is consideredhere, the valueof the Eucken numberwill
be 1.875 in comparisonto the valueobtainedby Eucken (seeRef. 6),
which is 1.94.

Derivation of Cattaneo’s Heat Flux for Diatomic Gases
In the case of diatomic molecules, one must write the energy

as2 E = E tr + E int. For a constant value of c , the two energies at
equilibrium are related by7

h E int i e =
(5 ¡ 3 c )

3( c ¡ 1)
h E tr i e (1)

and because local equilibrium is considered here, Eq. (1) can be
applied. The relation E int = [(5 ¡ 3 c ) / 3( c ¡ 1)]E tr can be imme-
diately reached from Eq. (1). The equation for heat � ux is written
as J = EV = (E tr + E int)V, which with the preceding relation can
be written as J(t ) = [1 + (5 ¡ 3 c ) / 3( c ¡ 1)]E trV(t). For diatomic
gases c =1.4. In view of the fact that, for bound states, which re-
semble diatomic molecules, the internal energy is negative,7 the
equation for the heat � ux per unit volume will be given by

J(t ) = 1
3
[MV 2(t ) / 2]V(t )

where V = j V j . With the aid of the Onsager hypothesis,1 the follow-
ing equation can be obtained:

h D J(t) i = h J(t ) i =
b ²

3

3

l̂ = 1

h d J(0) ¢ d J(t ) i e êl

· b ² ( M

6 )
2

1

3

3

l̂ = 1

3

î = 1

h Vi (0)Vi (t ) i 3
e êl (2)

which is true at all times, where it is assumed that ² / r T . The
conservationof energy equation can be written as1

* t

0

dh J(V, v, h ) ¢ D a = ¡ E(V , v) (3)

After taking the statistical average corresponding to a pair of parti-
cles, one gets

* t

0

d h h J(R, h , t ) i ¢ D a = ¡ h E (R, t ) i (4)

where the average is taken using the pair distributionfunctiongiven
by f (2)(R, V, r, v, t) = f (1)(R, V, t ) f (1)(R, v, t )g( j r j ). Therefore,

h E(R, t ) i =
1

2n *
+ 1

¡ 1
*

+ 1

¡ 1
*

C

d3r d3V d3v E(V , v, r )

£ f (2)(R, V, r, v, t ) (5)

where nM = n l = n. Setting W (r) = W (rm ) and assuming the
relation

E int(v , rm) = E int(v) exp[b W (rm)], *
C

d3rg(rm) =
1
n

(see Appendix), the right-hand side of Eq. (5) is written as

2 h E(R, t ) i = * + 1

¡ 1
d3V ( M b

2p )
3
2

E tr(V )

£ exp{¡
b M

2 p
[V ¡ uM (R, t )]2} + *

+ 1

¡ 1
d3v ( l b

2p )
3
2

E int(v)

£ exp{ ¡
b l

2 p
[v ¡ u l (R, t )]2}exp[b W (rm)] (6)

It can be shown,1 from Eq. (2), that after taking @t of Eq. (4) one
can get

[ * s

0

@t h J(R, h , t ) i d h + h J(R, t , t ) i ] ¢ D a = ¡ @t h E(R, t) i (7)

where the energies in Eq. (7) are twice as much as the energies in
Eq. (4). A direct evaluation of the right-hand side of Eq. (7) will
give

@t h E(R, t ) i = á E tr(V ) 3
2 (M / 2p )(2p / M b )@t b ñ

+ á E int(v) 3
2 ( l /2 p )(2 p / l b )@t b ñ

+ á b M E tr(V )[V ¡ uM (R, t )] ¢ @t uM ñ

¡ á E tr(V )(M / 2)[V ¡ uM (R, t )]2
@t b ñ

+ á b l E int(v)[v ¡ u l (R, t )] ¢ @t u l ñ

¡ á E int(v)( l / 2)[v ¡ u l (R, t)]2@t b ñ + á E int(v)(@t b )W (rm) ñ
(8)

The Euler equation for the evolution of the temperature T is given
by

@t T = ¡ u ¢ r T ¡ 2T ( r ¢ u)/ 3

where u =nM MuM (R, t) + n l l u l (R, t) / (nM M + n l l ) is the
stream velocity.2 The evolution of b will be given by

@t b = (1 / kB T 2)u ¢ r T + (1 / kB T 2) 2
3 (T r ¢ u) (9)

The following equalities can be justi� ed1: h E j (V j )V j i =
h E j (V j ) i h V j i and h E j (V j )2 i = h E j i h (V j )2 i , where the index j
runs over the translationaland the internal modes. These equalities
will furnish the following equations:

á E j[Vj ¡ u j (R, t )]ñ = 0 (10)

á E j (V j )[V j ¡ u j (R, t )]2
ñ = h E j i [h (V j )2 i ¡ h V j i 2]

= h E j i ( d V j )2 (11)

Substitution of the equalities in Eqs. (9–11) into Eq. (8) gives

¡ @t h E(R, t) i = ¡ ( b ¤
tr h E tr i
2T

+
b ¤

int h E int i
2T ) u ¢ r T

¡
1

3
( b ¤

tr h E tr i + b ¤
int h E int i ) r ¢ u (12)

From Eq. (1) one can write the local equilibrium equation
h E int i = [(5 ¡ 3 c ) / 3( c ¡ 1)]h E tr i , which, when substituted into
Eq. (12) together with Eq. (7), yields

*
s

0

@t h J(R, h , t ) i d h + h J(R, t , t ) i = ¡ ( k tr + k int) r T

¡
b ¤

dia h E tr i
34 a

n̂( r ¢ u) (13)
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or

* s

0

@t h J(R, h , t) i d h + h J(R, t , t ) i = ¡ k r T ¡ r n̂( r ¢ u) (14)

where E int = ¡ j E int j for bound states.7 With the use of Ergodic
theory,1 Eq. (14) will immediately lead to

s
@ h J(R, t ) i

@t
+ h J(R, t, t ) i = ¡ k r T ¡ r n̂( r ¢ u) (15)

which is the non-Fourier heat-� ux law for diatomic gases, given
that the gas is incompressible. If Eq. (1) is used in the equation for
b ¤

int and the assumption that W (rm) and h E tr i are uncorrelated is ap-
plied, one gets b ¤

int =3{1 ¡ [l ( d v)2 /3kB T ] + 2W (rm) / 3kB T }. Fur-
thermore,becausethe pair correlationhas a singlemaximum for low
densities that occurs at rm for the Lennard–Jones potential,5 which
representsgases, one may substitute the value of the Lennard–Jones
potential2 at rm for W (rm). Then, assuming it to be at the crit-
ical temperature, one gets the equation2 W (rm) = ¡ 0.77kB Tc,
where theminus sign is causedby the fact that the boundstate is con-
sidered.Assuming the validityof the equationsu2

M = (8kB Tc / p M),
h V 2 i = (3kB Tc / M), u2

l = (8kB Tc / p l ), and h v2 i = (3kB Tc / l ) at
the critical temperature, one gets b ¤

int =1.007. The value for b ¤
int

obtained by Eucken is unity.6 On the other hand, b ¤
tr =3 ¡ 3 +

(8/ p ) =2.547, and b ¤
dia =2.547 ¡ 0.667(1.007) =1.875 at T = Tc,

where the value of c is taken to be c = 1.4 for diatomic gases.
The value for b ¤

dia obtained by Eucken is 1.94. The closeness of
these numberscan be taken as an indicationof the correctapproach.
For a van der Waals gas the translational energy will have an extra
term that is independent of temperature, which will give the same
Eucken number. This could be caused by the fact that the statistical
formalism of a diatomic gas takes into account the effects of the
van der Waals gas model. For example, the � xed distance between
the two point particles generates over time a spherically symmet-
ric shape when all of the rotations are considered. This spherically
symmetric shape resembles the volume of a monoatomic van der
Waals gas molecule. In addition, the van der Waals gas considers
pair potentials,which is the same type of potential that is considered
when one deals with the statistical description of diatomic gases.

Appendix: Internal Energy in Exponential Form
In general, the average internal energy is given by

h E int i = h Ekin i + h Epot i (A1)

Because setting W (r ) = W (rm) indicates negligible kinetic energy
caused by radial motion, the value of h Ekin i equals kB T at equilib-
rium and local equilibrium as well. The value of h Epot i is expected
to be a multiple of kB T , and one can write

h E int i = h E kin i + q h E kin i (A2)

where h j Epot j i =q h Ekin i . If one writes

q =
1

^̀
= 1

[b W (rm )]` / `!

and chooses the Lennard–Jonespotential W (rm ) = ¡ 0.77kB Tc, one
getsq =0.537. Therefore,assumingsmall oscillationsaboutrm , one
gets h Ekin i = kB Tc, which will lead to h j Epot j i = 0.537kB Tc , which
is about the averageenergy contributionfrom a harmonic oscillator.
This is consistentwith our assumption to set W (r) = W (rm ), which
states that the two particles may be in the neighborhood of a � xed
equilibrium distance. Therefore, for temperatures in the neighbor-
hood of Tc , Eq. (A2) can be written as

h E int i = h Ekin i exp[b W (rm)] ´ h E int(v) i exp[b W (rm )] (A3)

From Eq. (A3) one gets E int(v , rm ) = E int(v) exp[b W (rm)]. The
equation

*
C

d3rg(rm)

can be integrated to give

C g(rm ) = 1/ n (A4)
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Introduction

P OLYMERS and organic materials are being employed to a
greater extent in power generating systems, and with greater

use follows an increased interest in the thermal transport properties
of polymers. These properties include thermal conductivity, heat
capacity, and the thermal contact conductance at the interface with
other materials. One important considerationwhere limited knowl-
edge exists is the heat � ow across a metal/polymer interface. Cur-
rently, a usable and veri� able model does not exist for predicting
the thermal performance of metal/polymer joints.

Marotta and Fletcher1 measured the thermal conductivityand the
thermalcontactconductanceof severalwidelyavailablethermoplas-
tic and thermosettingpolymers. They compared the experimentally
measured data with the current thermal contact models developed
for metal/metal contact, such as the elastic contactmodel developed
by Mikic2 and the plastic contact model developedby Cooper et al.
(CMY).3 The Mikic and CMY models are accepted and proven for
metal/metal contacts, but it was observed that a new thermal contact
model was needed for a metal in contactwith a much softerpolymer
layer with either � nite or in� nite length (half-space solution).

Problem Statement
The goal was to obtain a veri� able and usable analytical model

for the prediction of thermal joint resistance between a metal and
a polymer. The scope of this investigationwas limited to assuming

Received 17 May 1999; presented as Paper 99-3490 at the AIAA 33rd
Thermophysics Conference, Norfolk, VA, 28 June–1 July 1999; revision
received 1 October 1999; accepted for publication 11 October 1999. Copy-
right c° 2000 by J. J. Fuller and E. E. Marotta. Published by the American
Institute of Aeronautics and Astronautics, Inc., with permission.

¤ Research Assistant, Department of Mechanical Engineering. Member
AIAA.

†Assistant Professor, Department of Mechanical Engineering. Member
AIAA.


